HIGHER EVEN DIMENSIONAL REIDEMEISTER TORSION 
FOR TORUS KNOT EXTERIORS 



YOSHIKAZU YAMAGUCHI 

j^jfjj Abstract. We study that the asymptotic of higher dimensional Reidemeister torsion for 

_ torus knot exteriors, which are related to the results by W. Muller I Mull and P. Menal- 

Ferrer and J. Porti | MFPa | on asymptotics of Reidemeister torsion and hyperbolic volumes 
for hyperbolic 3-manifolds. We show that the sequence ^ 2 log | Tor(£x ; P2w)l converges 
to zero when N goes to infinity where ToiiE/c ; P2n ) is the higher dimensional Reidemeister 
torsion of a torus knot exterior and an acyclic SL2iv(C)-representation of the torus knot 
group. We also give a complete classification of SL2(C)-representations of torus knot 
groups, which induce acyclic SL2,v(C)-representations. 



1. Introduction 

For an oriented hyperbolic 3-manifold with finite volume, the hyperbolic volume is 
related to the asymptotic behavior for the sequence of Reidemeister torsion respect to 
SL„(C)-representations of the fundamental group when n increases to infinity. Here we 
are concerned with SL„(C)-representations of fundamental groups defined as the com- 
position of an SL2(C)-representation corresponding to the complete hyperbolic structure 
and the n-dimensional irreducible representation of SL2(C). This result was shown by 
W. Muller [Mill] in the context of Ray-Singer analytic torsion for closed hyperbolic 3- 
manifolds and then was extended to the cusped hyperbolic 3-manifolds, according to 
P. Menal-Ferrer and J. Porti BMFPal . 

Menal-Ferrer and Porti take advantage of the combinatorial description of Reidemeister 
torsion to establish the relation between the asymptotic behavior for a sequence of Reide- 
meister torsions and the hyperbolic volume of a cusped hyperbolic 3-manifold M: 

log|Tor(M;p„)| Vol(M) 
hm - = 

n— >°o n 

where Tor(M; p„) denotes the Reidemeister torsion respect to SL„(C)-representation p n of 
n\{M). We will see a little more detail in the below. 

We can also take advantage of combinatorial feature of Reidemeister torsion to consider 
the case for non-hyperbolic manifolds M and expect that the sequence p- log | Tor(M; p„)| 
converges to zero when n — > oo. In this paper, we will show that this expected asymptotic 
hold for all torus knots exteriors and even dimensional acyclic representations p2N (see 
the subsequent of Definition 12. II for the terminology "acyclic")- To define Reidemeister 
torsion, we need a homomorphism from fundamental groups of manifolds to some linear 
group, which are called representations. In the case for oriented hyperbolic 3-manifolds 
M, we can choose SL2(C)-representations corresponding to the hyperbolic structure, called 
holonomy representations, since M is expressed as r\H 3 where F is a discrete subgroup 
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in the orientation preserving isometries Isom + (H 3 ) SL,2(C)/{±/}. On the other hand, 
we have no specific such as holonomy representations for non-hyperbolic 3 -manifolds. 
Hence we need to deal with all representations of torus knot groups to discuss the asymp- 
totic of Reidemeister torsions. However, for the simplicity, we focus on even dimensional 
acyclic representations of torus knot groups since Raghunathans cohomology vanishing 
Theorem [Rag65] and the result of Menal-Ferrer and Porti [MFPb] say that all even di- 
mensional p2N for a lift p of holonomy representation are acyclic. We will establish the 
following asymptotic behaviors of sequences of Reidemeister torsions for torus knot exte- 
riors respect to acyclic SL.2jv(C)-representations pin- 

Main Theorem (Theorem l4.2b . Let Ek denote S 3 \N(K) where K is a torus knot and N(K) 
is an open tubular neighbourhood of K. Suppose that the composition p2N of an irreducible 
SL.2(C)- representation p of ti\(Ek) and the 2N -dimensional irreducible representation of 
SL.2(C) is acyclic. For a torus knot exterior Ek and pin, it holds that 

loglTor^paAr)! 
hm z = 0. 

at-wo (2N) 2 

Our theorem follows from explicit computations of Reidemeister torsion for torus knot 
exteriors in Proposition l4.1l and the existence of upper and lower bounds dependently only 
on 2N. To complete our observation, we have to find out which irreducible SL,2(C)- 
representations of torus knot groups induce acyclic SL,2Ar(C)-representations. We will 
also establish a complete classification which irreducible SL,2(C)-representation p gives 
an acyclic p2N in Proposition 13. II 

2. Preliminaries 

2.1. Reidemeister torsion. 

Torsion for acyclic chain complexes. Torsion is an invariant defined for a based chain 
complexes. We denote by C, the based chain complex: 

C, : -> C„ % C„_i ■ ■ ■ % Ci C -> 

where each chain module C, is a vector space over a field F and equipped with a ba- 
sis c'. We are mainly interested in chain complexes whose homology group vanishes, 
i.e., H t (C t ) = 0. Such chain complexes are referred to as being acyclic. The chain com- 
plex C* also has a basis determined by the boundary operators <9,, which arises from the 
following decomposition of chain modules. Roughly speaking, torsion provides a property 
of a chain complex in the difference between a given basis and new one determined by the 
boundary operators. 

We suppose that a based chain complex (C*, c') is acyclic. For each boundary operator 
di, let Z; c Ci denote the kernel and B, c C,-_i the image by <9,. The chain module C, is 
expressed as the direct sum of Z, and the lift of B,, denoted by B, . Moreover we can rewrite 
the kernel Z, as the image of boundary operator <9,+i: 

C t = z e Bi 

where B,+i is written as 3, + iB,+i. 

We denote by b' a basis of B;+i. Then the set d, + i(b' +1 ) U b' forms a new basis of 
the vector space C,. We define the torsion of C» as the following alternating product of 
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determinants of base change matrices: 

(1) Tor(C„ c*) = Y\ [<5,+i(b' +1 ) U b' / c']^' e F* = F \ {0} 

i>0 

where [<9,+i(b !+I ) U b' / c ! ] denotes the determinant of base change matrix from the given 
basis c' to the new one d, + i(b' +1 ) U b ! . 

Note that the right hand side is independent of the choice of bases b'. The alternating 
product in (HJ is determinant by the based chain complex (C», c*). 

Reidemeister torsion for CW-complexes. We will consider torsion of twisted chain com- 
plexes given by a CW-complex and a representation of its fundamental group in this paper. 
Let W denote a finite CW-complex and (V,p) a representation of n\(W), which means V is 
a vector space over F and p is a homomorphism from n\(W) into GL(V) which is referred 
as a GL(V)-representation. 

Definition 2.1. We define the twisted chain complex C*(W; V p ) which consists of the 
twisted chain module as: 

where W is the universal cover of W and C,(W; Z) is a left Z[^i(W)] -module given by the 
covering transformation of ni(W). In taking the tensor product, we regard V as a right 
Z[tti] -module under the homomorphism p~ 1 . We identify a chain v®yc with p(y)~ 1 (v) ® c 
mCi(W;V p ). 

We call C*(W; V p ) the twisted chain complex with the coefficient V p . Choosing a basis 
of the vector space V, we give a basis of the twisted chain complex C(W; V p ). To be more 
precise, let {e\, . . . , e l m ] be the set of /-dimensional cells of W and {v\, . . . , Vd) a basis of V 
where d = dim? V. Choosing a lift e l . of each cell and taking tensor product with the basis 
of V, we have the following basis of C,(W; V p ): 

c\W;V) = {vi ®e\,, ..,v d ®e\,.. .,v x ®e i m .,...,v d ®e i m .}. 

We denote by H*(W; V p ) the homology group, which is called the twisted homology group 
and say that p is acyclic if the twisted homology group vanishes. Regarding C*{W; V p ) as 
a based chain complex, we define the Reidemeister torsion for W and an acyclic represen- 
tation (V,p) as the torsion of C*(W; V p ), i.e., 

(2) Tor(W; V p ) = Tor(C«(W; V p ), c*(W; V)) e F* 

up to a factor in {+ det(p(y)) | y e n\ ( W)} since we have many choices of lifts e l , and orders 
and orientations of cells e'j. 

Note that the definition (0 does not depend of choice of a basis {vj, . . . , v^} since the 
Euler characteristic of C*(W; V p ) must be zero by the acyclicity. More precisely, the torsion 
defined by another basis {«i, . . . , m^} is expressed as the product of the torsion defined by 
{Vi, . . ., Vd) and the following factor: 

[{«!,..., u d }/{ Vl ,...,v d }r xm . 

Remark 2.2. If we choose an SL(V)-representation p with dimp V even, then the torsion 
Tor(W; V p ) has no indeterminacy. 

See Turaev's book [TurOl | for more detail on Reidemeister torsion. 
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2.2. Irreducible representations of SL2(C) and higher dimensional Reidemeister tor- 
sion. We review irreducible representations of SL2(C) briefly. The vector space C 2 has the 
standard action of SL2(C) and it is known that the symmetric product Sym (C 2 ) and the 
induced action by SL.2(C) gives an n-dimensional irreducible representation of SL2CC). We 
can identify Sym (C 2 ) with the vector space of homogeneous polynomials on C 2 with 
degree n — 1, denoted by V„: 

V n = span^zT 1 , zr 2 Z2, .... . . . , Zx? 2 \ 

The action of A e SL.2(C) is expressed as 

(3) A-p{zuZ2) = p{A- l (D) 

where p(z\ , zi) is a homogeneous polynomial and the variables in the right hand are de- 
termined by the action of A~ l on the column vector by matrix multiplication. We write 
(V„,cr„) for the representation given by the action (0 of SL.2(C) where cr n denotes the 
homomorphism from SL.2(C) into GL( V„). 

Remark 2.3. It is known that 

(1) each representation (V n ,cr n ) turns into an irreducible SL„(C)-representation of 
SL 2 (C) and; 

(2) every irreducible n-dimensional representation of SL.2(C) is equivalent to (V„, cr„). 

It is worth noting that SL.2(C) acts on the right in the representation (V„, <r„), relating to 
our construction of twisted chain complexes in Section |2~Tl Let p be a homomorphism from 
7Ti(W) into SL.2(C) and p„ the composition cr„ o p, which gives an SL„(C)-representation of 
Ji\(W). If the twisted chain complex C(W; V„) is acyclic, we can consider Tor(W; V n ). We 
will drop the subscript p in the coefficient for simplicity when no confusion can arise. We 
define the higher dimensional Reidemeister torsion for W and p as Tor(W; V„) and denote 
by Tor(W; p n ) since the coefficient V„ of C*(W; V„) is determined by p and n. 

We also review the explicit forms of diagonal matrices under cr„, which will be needed 
in our computations. Let A e SL2(C) be a diagonal matrix (o fl °i ) and p(xi,Zz) the mono- 
mial zj~ 25. Then the action of A is expressed as 

A ■ p( Zl ,Z2) = p(a- l z u az 2 ) = = a 2k - n+1 p(zuZi). 

Hence the eigenvalues of cr„(A) 6 SL„(C) are given by a-" + \a- n+ \...,a"-\ i.e., the 
weight space of <x„ is {-« + 1, — n + 3, . . . ,n — 1} and the multiplicity of each weight is 
1. 

2.3. SL2(C)-representations of torus knot groups. Here and subsequently, let K denote 
(p, g)-torus knot and Ek the knot exterior. The Reidemeister torsion depends on the con- 
jugacy classes of irreducible representations of fundamental groups. We are interested in 
irreducible representations from torus knot groups into SL2OC). We denote by R(Ek) the 
set of irreducible SL2(C)-representations of 71\{Ek) and by R(Ek) the set of conjugacy 
classes of representations in R(Ek)- According to D. Johnson MJohl . from the presentation 
(x,y I x p = y q ) of 7Ti(Ek), we can regard R(Ek) as a set of punctured complex planes: 

Proposition 2.4 ( BJohL Proposition 3.7 in JKM]). Let K be the (p,q)-torus knot. Then 
R(Ek) consists of (p — l)(q — l)/2 components, which are determined by the following 
data, denoted by Ra,b(Eic)-' 

(1) < a < p, < b < q. 

(2) a = b mod 2. 
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(3) For every [p] G Roj,(Ek), we have that trp(x) = 2 cos (™J and trp(y) = 2 cos (y). 
Moreover irreducible Sh2(C)-representation p sends x p {— y q ) to (—I) a . 

(4) tr p(p) 4- 2 cos(7r(ra/p + sb/q)) where p denotes the meridian given by x~ r y s and r 
and s are integers satisfying that ps — qr — 1. 

In particular, R a ,b(EK) is parametrized by tr p(p) and the complex dimension one. 

Therefor, for every irreducible SL2(C)-representation p, the SL2(C)-matrices p(x) and 
p(y) are diagonalizable, i.e., they are conjugate to diagonal matrices: 











and 



,/otV-T/ 9 






-bn ^F\lq 



when the conjugacy class of p is contained in R a j,(Eic)- Then the eigenvalues of P2n(x) 



are e 



±(2N-l)cm^Pi/p 



,±(2iV-3)teV-T/9 



±(2N-3)cm^[-ilp 



>e ±m^/p and those f p2N (y) are e ±(2Ar-l)forV=T/ 9) 



3. Twisted homology groups of torus knot exteriors 

We consider the acyclicity for the twisted chain complex of Ek defined by p2N- The 
twisted homology group is invariant under homotopy equivalence. We first construct a 
2-dimensional CW-complex W which is homotopy equivalent to a torus knot exterior E K 
and then observe the twisted chain complexC*(W; V2n) instead of C*{E K ; V^). 

From the presentation (x,y\ x p = y q ) of jix(E K ), we can construct 2-dimensional CW- 
complex W consisting of one 0-cell e° and two 1-cells e. (z = 1, 2) and one 2-cell e 1 as in 
Fig-Q] The closed loops e° U e\ and e° U e\ correspond to the generators x and y. 




Figure 1 . CW-complex W 

Let p be an irreducible SL,2(C)-representation whose conjugacy class lies in KafiiEg). 
The composition p2N = o~2N ° p also defines the twisted chain complex of W as follows: 

(4) -> C 2 (W; V 2N ) ^* Ci(W; V 2N ) ^ C {W; V 2N ) ^ 

where V2N is the 2A^-dimensional vector space over C. When we write X and Y for the 
matrices P2n(x) and p2N(y), the boundary operators 3,- (i = 1, 2) are expressed as 



(5) 



The acyclicity of C,(W; V2n) is determined by the parity of parameters a and b for the 
component R a b(Efc) containing the conjugacy class p, i.e., the acyclicity of C*{Ek', Viw) 
depends on only the component R a j,(EK). 

Proposition 3.1. Suppose that the conjugacy classes of p is contained in R a ,b{EK)- 
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(1) If the integers a and b are odd, then C,(Ek', Vin) is acyclic, i.e., H»(Ek', Vin) — 0. 

(2) If the integers a and b are even, then C»(Ek', Vtn) is not acyclic. 

Proof. It is enough to observe C*(W; VjaO instead of C(£V; V^at). First we suppose that 
a = b=l (mod 2). The equality of matrices: 

(/ - X)(I + X + ---+ X l '- X ) = 21. 

implies that the matrices / — X and I + X + ■ ■ ■ + X p ~ l are non-singular, i.e., rank(7 - X) — 
rank(7 + X + ■ ■ ■ + X p ~ l ) = 2N. By counting dimensions, we can see that the complex (0]l 
is exact. 

Next we consider the case that a = b = Q (mod 2). In this case, all eigenvalues of X and 
Y are roots of unity. We divide this case into two parts: 

(i) either SL2A/(C)-matrices X or Y does not have the eigenvalue 1 ; 

(ii) both of X and Y have the eigenvalue 1 . 

In the case (i), we can assume that X does not have the eigenvalue 1 . Since 1 ¥^ p ~ l = 

for any p-\h root of unity t, + 1, we have that I + X + ■ ■ ■ + X p ~ l = O. Similarly we have 
that rank(7 + Y + • •• + Y q ~ l ) < 2N. Hence the rank of di is less than 2N, which implies 
that# 2 (W; V 2N ) * 0. 

Last we consider the case (ii). Without loss of generality, we can assume that 

• the dimension of V2N is greater than 2, i.e., ^ 2; 

• both of p and q are odd and; 

• the pair p and a are coprime and; 

• the pair q and b are also coprime. 

The multiplicity £ of eigenvalue 1 for X is given by twice the number of integers / such that 
p S p(2l— 1) g 2N- 1 . Similarly we write 77 for the multiplicity of eigenvalue 1 for Y, which 
is given by twice the number of integers m such that q ^ q(2m- 1) ^ 2N- 1 . By the explicit 
form of $2 as in (0, the kernel of 82 agrees with the intersection of ker(7 + X + ■ ■ ■ + X p ~ l ) 
and ker(7 + Y + ■■■ + Y q ~ l ). Since the ranks of I + X + ■ ■ ■ X p - X and I + Y + ■ ■ ■ Y c <- 1 are 
equal to £ and 77, we have that 

dim c kerd 2 = dim c ker(7 + X + ■ ■ ■ + X p ~ l ) + dim c ker(7 +Y + --- + Y q ~ x ) 

- dim c (ker(7 + X + ---+ X^ 1 ) U ker(7 +Y +■■■ + Y c '~ 1 )) 

^ dim c ker(7 + X + ■ ■ ■ + X^ 1 ) + dim c ker(7 + Y + --- + T 9 ~') - IN 

= 2N-£-7] 

P 1 

We proceed to find the range on satisfying that {2N - l)(l/p + 1/q) + 2 < 2N. We can 
rewrite the condition (2N - l)(l/p + l/q) + 2 < 2N as 

(6) / +K2AT. 

1 - \/p - l/q 

Since we assume that p ^ 3 and q ^ 5, the inequality (O holds for N ^ 2. Hence we 
have shown that dime kerc?2 > under our assumptions, which implies that H2(W; Vw) is 
nontrivial. □ 

4. Computation of higher dimensional Reidemeister torsion for torus knot exteriors 



Reidemeister torsion has the invariance under simple homotopy equivalences. In fact, a 
torus knot exterior Ek is simple homotopy equivalent to the 2-dimensional CW-complex 
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W constructed as in Section [3] The Reidemeister torsion of Ek agrees with that of W. 
Therefore we can deduce the explicit value of Reidemeister torsion for a knot exterior Ek 
from the twisted chain complex © of W. We assume that p2N defines an acyclic twisted 
chain complex C*{Ek\ V^iv)- As we have seen in Section[3] such representation poN is given 
by an irreducible SL,2(C)-representation of 7T\(Ek) which satisfies that p(x p ) = p(y q ) - -I. 
We first show the explicit value of Reidemeister torsion for such p2N and then consider the 
asymptotic behavior. 

4.1. Higher dimensional Reidemeister torsion for p2«. We write {v, | / = 1, . . . , IN] for 

a basis of Vin- For the acyclic chain complex C*(W; Vzn), we can set b' (i = 0, 1, 2) as 

b 2 = {vi ®e 2 , ...,v'2w®e 2 }, 
b 1 = {vi ®e\, ...,V2N®e\} 
and the others b' as 0. The torsion of C„(W; V2n) is given by the alternating product: 

2 | 

pi+lV U D'/CT " = [03 D" U D'/C" 1 '' •'■■'>' 1 1 " 1 "~ 11 ' " 1 

i=0 



n^ + ib i+1 u b'/c't 1 ^ = [3 3 b 3 u b 2 /c 2 f ' ■ [d 2 b 2 u b'/c 1 ] ■ [01b 1 u b°/c°f 

det(/ + X + - +XP- 1 ) 



det(y - /) 

2 2N 



(?) det(7 - X) det(F - 7) ' 

Here we use (7 - X)(I + X + ■ ■ ■ X^ 1 ) = I - XP = 27. The determinant det(7 - X) in the 
denominator of Eq. (|7]i is expressed as 

N r- 1- 
(1 - e ? )(1 - e p ) 



k=\ 

N 



sin 2 



(2k — \)an 
~P 



(8) =[~[ 4 

k=\ 

and det(F - 7) is also expressed as 

(9) det(F _ /) = fj 4 sin 2 (^i^). 

Substituting Eqs. ([8]) & © into (0, we obtain the explicit form of Tor(C„(W; Vzn)) which 
agrees with the Reidemeister torsion of E K . 

Proposition 4.1. If we choose an irreducible SL2(C)-representation p whose conjugacy 
class lies in R a j,(E K ) such that a = b = 1 mod 2, then the Reidemeister torsion for E K and 
P2N is expressed as 

2 2N 

Tor<£ ' ;PM) = nL4W(^ K(£ ™y 

4.2. Asymptotic behavior of Reidemeister torsions. We consider the asymptotic behav- 
ior of Toi(Ek',P2n) in increasing the dimension of representation p2N to infinity. Menal- 
Ferrer and Porti [MFPa] showed the asymptotic behavior of the absolute value of Reide- 
meister torsion for hyperbolic knot exteriors M, which is expressed as 

log|Tor(M;p 2 iv)l _ Vol(M) 



(10) lim 



n^cc (2N) 2 An 
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Every torus knot exterior admits no hyperbolic structure and their hyperbolic volumes are 
zero. Our main theorem shows that the equation in ( fTOb also holds for torus knot exteriors. 



Theorem 4.2. Under the assumption of Proposition \4~7i we have the following limit for 
the absolute value of Reidemeister torsion Tor(£V; P2n) : 
(11) lim log|Tor(^;p 2 ^ 



Proof of Theorem \4.2\ This follows from Proposition ^. 1 1 and the existences on upper and 
lower bounds of | sin((2A: - l)an/2p)\ and | sin((2A: - l)bn/2q)\ for I £ k £ N, which are 
given dependently only on p and q. Since | sin(7r/2/?)| ^ | sin((2fc - \)anl2p)\ ^ 1 and 
| sin(7r/2^)| ^ | sin((2£ - l)bn/2q)\ ^ 1, we have the following lower and upper bounds for 
\Toi(E K ;p 2N )\: 

2 2N 2 2N 
4^ = ' TOr( ^ P2iv)l = 4- s in-te)sin-(-)- 
We can see the asymptotic behavior of | Toi(Ek', P2n)\ from the following inequalities: 
\og\Tor(E K ;p 2N )\ > - log 2 

(2N) 2 = 2N * 

and 



log|Tor(£r,P2*)l „ -log 2 lo g| sin (i) sin (^) 



N— >t» 



^ —2 ! 1^ 1-111 > 0. 



(2A0 2 " 2JV 2N 
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